Abstract-In this paper, we study the power and channel allocation problem for multicarrier nonorthogonal multiple access (NOMA) full duplex (FD) systems. Owing to the presence of multiple interfering users transmitting over the same channel, the considered allocation problem is nonconvex. With the aim of designing a limited complexity solution, we propose an algorithm based on the minimization of the weighted mean square error, which achieves performance reasonably close to the optimum and allows to clearly outperform a conventional orthogonal multiple access approach. Numerical results assess the effectiveness of our proposal.
I. Introduction
Full duplex (FD) and Non-Orthogonal Multiple Access (NOMA) are among the most promising technologies that are currently studied as a key enabling technique for 5G cellular systems [1] , [2] .
FD technology allows uplink and downlink transmissions to occur simultaneously on the same frequency channel and has the potential of doubling the spectral efficiency of conventional half-duplex communication systems,provided that a sufficiently large part of the self interference (SI) is cancelled at the base station.
NOMA multiplexes several users on the same spectral resources by exploiting channel diversity and can greatly increase device connectivity in comparison to traditional Orthogonal Multiple Access (OMA) schemes. Since allocating more than one user on the same channel leads to severe co-channel interference, NOMA receivers perform Successive Interference Cancellation (SIC) to remove part of the interference.
These two technologies have in common that their performance are severely affected by the presence of interference and, to be successfully implemented and deployed, they heavily rely on efficient channel and power allocation [3] - [5] . In general, because of the interference, the allocation problem is not convex and its solution requires the use of advanced and complex algorithms. On the other hand, the possibility of fully exploiting the multi-user diversity of the system can achieve substantial gains with respect to conventional resource allocation approaches.
Recently, the seminal paper [6] has proposed a NOMA-FD system that combines these two promising technologies. The advantages of combining NOMA and FD are great but they can be harvested only by a system capable to fully exploit the system multi-user diversity. In [6] two different allocation algorithms are proposed. The first one, based on monotonic optimization, obtains the optimal allocation, but is characterized by a very high computational cost and, hence, it is valid as theoretic benchmark only. The second one reformulates the allocation problem by relaxing the integer condition on the channel allocation variable and, although suboptimal, manages to find a solution very close to the optimum. Nevertheless, also this second algorithm has a very large complexity that makes it not feasible in most practical load conditions. Recent literature [7] has investigated the advantages of reducing large complex problem in a sequence of more tractable subproblems [8] . Moreover, a powerful tool to address sum rate maximization in the presence of co-channel interference is to recast the problem as the minimization of the weighted mean square error [9] , [10] .
Accordingly, in this paper we propose a power and channel allocation algorithm for NOMA-FD systems formulated as a weighted minimum mean square error (WMMSE) problem. In particular, the proposed WMMSE algorithm relaxes the non-convex subcarrier allocation constraints and focuses on power allocation only, thus noticeably reducing the problem complexity. Numerical simulations, which are carried out for several different scenarios, show that the proposed method exhibit performance that are reasonably close to the maximum achievable optimum at a fraction of the complexity and greatly outperform the classical OMA approach.
II. System Model
We consider a NOMA-FD system, where single-antenna users are served by a base station (BS), also equipped with a single antenna. As customary, the FD technology is implemented at the BS which is assumed to be able to cancel a large fraction of the self interference that it generates, thus allowing simultaneous transmission and reception on the same channel. The NOMA paradigm is implemented at both the BS and the mobile users, which are able to cancel a certain number of interfering users of the same type (uplink or downlink) on each channel through successive interference cancellation (SIC). To correctly perform SIC, it is necessary that the signal to be canceled is perfectly reconstructed and this requires: perfect channel estimation, a condition which will be assumed for the remainder of the paper, and no detection errors, a condition which will be discussed in Section II-A.
We denote by U and D the sets of the M = |U| uplink and N = |D| downlink users in the system, respectively. The available spectrum is partitioned into F orthogonal flat fading subcarriers and we assume that the propagation gains on the subcarriers are constant for the time horizon of radio resource allocation. We denote by s i,f the complex information symbol with unitary power of the i-th user on subcarrier f . The information symbols are assumed zero-mean independent and identically distributed (i.i.d) random variables. The transmitted signal for user i on subcarrier f is a scaled version of the information symbol with scaling factor P i,f , so that the transmission power is P i,f .
In the considered scenario, we assume that all users can transmit on any subcarrier without any orthogonality requirement among users. Accordingly, the signal intended for user i ∈ {U, D} can be expressed as:
where z i,f represents the noise in the uplink or downlink receiver with variance
represents the channel gain between the BS and user i. If i ∈ D and j ∈ U, h j,i represent the cross-channel gains between uplink and downlink users. Similarly, if i, j ∈ U h j,i = h j,b are the channel gains between each uplink user and the BS. Finally, if i ∈ U and j ∈ D, h j,i = h si is the residual gain relative to the self interference term at the BS.
As for the SIC capabilities at the receivers, we make the same reasonable assumption as in [6] , i.e., we assume that for any subcarrier there can be at most one downlink user that is able to cancel interference coming from other downlink users, while downlink users cannot cancel interference coming from uplink users. In this setting, interference cancellation will be performed at the receiver that will supposedly have the best SINR conditions, referred to as strong user in the following.
As for the uplink, the user with the best SINR conditions, i.e., the strong user, can more easily be decoded at the single receiver located at the BS and, accordingly, be canceled so that the signals of all the other users are not interfered by it. In this setting, all the users that are not labeled as strong user are denoted by weak users. This set-up is best described by employing a binary allocation variable for each subcarrier f : the allocation variables x (s) i,f is set to 1 if user i ∈ {U, D} is the strong user on f , and it is 0 otherwise. Accordingly, we can write the signal on subcarrier f for user i after the SIC process as:
where the set I(i, f ) of the users interfering with user i on subcarrier f , defined as: (2), the signal to interference-plus-noise ratio (SINR) γ i,f for user i on subcarrier f is computed as:
The achievable normalized rate of a user i allocated on subcarrier f for both uplink and downlink directions is:
A. Cancellation of the downlink weak user
Let us focus on the downlink channel f where i ∈ D is the strong user and k ∈ D is a generic weak user. User k transmits with rate R k,f . The achievable rate of user k at the receiver i is R k,i,f = log (1 + γ k,i,f ), where:
The condition for perfect cancellation of the weak user k is that R k,i,f is larger than R k,f , the rate measured at its own receiver, so that it can be detected error-free prior to cancellation. This condition is non-linear and non-convex in the users' power but it can be reduced to a linear one. To elaborate, by exploiting the monotone property of the log function, one obtains the equivalent form γ k,i,f ≥ γ k,f . Provided that P k,f > 0, this condition is equivalent to:
where
An interesting feature of (7) is that it depends only on the channel gains of users i and k and not on their powers. Nevertheless, it is worth noting that indeed there is a dependence on the users' power: the relation (7) is binding only if P i,f and P k,f are both different from zero. Otherwise, even if only one of the two allocated users is transmitted with zero power, the NOMA paradigm is not implemented on subcarrier f for downlink transmission, and the constraint has no meaning.
III. WMMSE algorithm for NOMA Full Duplex
In this Section, we present a novel resource allocation scheme that is formulated as a power only allocation problem. More specifically, we divide the problem into two sub-problems.
At first we run the WMMSE scheme proposed in [11] by the same authors for FD-OMA systems. Note that, since the WMMSE scheme proposed in [11] allows to achieve a quasi optimal resource allocation for FD systems, it will select a single users with power different from zero, namely the strong user, for each subcarrier.
Once the strong users for both uplink and downlink and for each subcarrier are determined, the second step of the proposed scheme makes use of the WMMSE paradigm for jointly allocating the powers of weak and strong users.
It is worth noting that, despite we the does not consider a subcarrier allocation constraints, exclusivity assignment constraints will hold at convergence, i.e., only the predefined strong user and at most one weak user will transmit on the same subcarrier. The rationale of this resides in the fact that, as it will be shown in the sequel, WMMSE provably converges to an (at least locally) optimal power allocation and, hence, users that cannot delete their respective interference will not be ultimately active at the same time.
Let us denote by P = {P i,f }, f = 1, 2, . . . , F , i ∈ {U, D} the vector collecting the transmit powers for all users in the system. Accordingly, the power allocation problem can be formalized as:
where the positive weights α i are employed to enforce a certain degree of fairness among users. Constraints (9.a) and (9.b) are the power budget for the uplink and downlink users and constraint (9.c) guarantees successful SIC at downlink strong user, as requested in downlink NOMA systems. Note that constraint (9.c) allows successful SIC when only one weak user is active, whereas we do not impose any strict constraint guaranteeing this condition. However, as argued above, exclusive subcarriers assignment to weak users is obtained at convergence, and hence successful SIC is guaranteed by (9.c), as well.
We are now interested in re-formulating the problem as a WMMSE problem. To this aim, let's assume that the received signal y i,f is multiplied by a scaling factor g i,f with the aim of minimizing the mean square error (MSE) e i,f for each subcarrier f . Basing on the pre-defined assignment of strong users, we can get the following formulation for e i,f :
By differentiating (10) with respect to g i,f and setting the derivative to zero, we can find the value of g i,f that minimizes the MSE, as
and the correspondent value for the minimum MSE (MMSE) is
Inspired by the work in [11] , we present an iterative algorithm that exploits the intimate relationship between the MMSE and the SINR and allows to provably achieve a local optimum of problem (9) . To this aim, we consider the following weighted MMSE problem:
subject to
where w i,f are some positive weights and w and g are the vectors collecting all values of w i,f and g i,f , respectively. Note that problem (13) is still not convex. Nevertheless, it can be shown that the procedure that iteratively optimizes one set of variables at the time converges to a local optimum of the original problem (9) . Moreover, once we fix the value of all sets of optimization variables except one and we solve (13) with respect to the remaining set of the variables, all the new problems are convex. Accordingly, the original problem (13) can be decomposed into three subproblems that can be iteratively solved one by one.
1) Optimizing with respect to g:
To further elaborate, let first assume to have some random initial power allocations P. Given the power allocations, employing (11) we are able to compute the optimal values of g i,f ∀i ∈ {U, D} and f = 1, 2, . . . , F .
2) Optimizing with respect to w:
Having fixed P and g we can compute e i,f as in (10) and solve (13) in w. In facts, differentiating the objective function in (13) and setting the result to zero yields
Since it is 0 < e i,f ≤ 1 the positive constraints on w are always met with (14) .
3) Optimizing with respect to P:
Fixing the values of g and w, we are now able to consider the power allocation problem in the uplink. To elaborate, we can formulate the dual problem: i * ,f = 1. By an inspection of e i,f given in (10), it can be easily noted that it is possible to rearrange the terms in (15) so that the optimization problem can be solved as M + N different independent quadratic subproblems (one for each user). To elaborate, let introduce the set C(i, f ), representing the set of users that receive interference from i on subcarrier f . Specifically,
Hence, it is easy to see from (10) that e t,f , with t ∈ C(i, f ), contains the terms |g t,f h i,t (f )| 2 P i,f , whereas if t ∈ C(i, f ), e t,f does not depend on P i,f . Accordingly, considering i ∈ D, problem (15) can be stated explicitly for each P i,f as:
while for i ∈ U, we get min
where the sum
derives from (7). It is then straightforward to derive the optimal powers for each iteration l of the algorithm as, for k ∈ D
while for j ∈ U is presented in (21), where Θ
The convergence of the algorithm is formally the same as in [11] . In particular, it can be easily shown that the weighted sum rate is increasing at each iteration, i.e.
thus guaranteeing robust convergence to a local maximum solution. The proposed iterative allocation scheme is summarized in Algorithm 1.
Algorithm 1: WMMSE power allocation
1 Initialize:
according to (19) and (21)
10
Compute g
IV. Numerical Results
To examine the performance of the proposed allocation schemes we consider a single cell scenario with radius R = 100 m and F = 6 subcarriers and with the same number of uplink and downlink users, i.e., M = N . In particular, we compare the performance of proposed approach for different parameters setting. As a reference point, we report the results obtained by using the approach
proposed in [6] , referred to as REF in the following. In order to get an insight into the different complexities arising from the implementation of the schemes, we refer to the approach shown in [12] , that allows to evaluate the term that dominates the number of elementary operations for each iteration of the algorithms. These values are reported in Table I using the big O notation. It is confirmed that our proposed approach allows to noticeably reduce the implementation complexity with respect state-of-the-art solutions.
Algorithm Complexity per iteration In order to compare the results, we perform Monte Carlo simulations, where the positions of the mobile users are randomly generated in the cell with a minimum distance towards the serving BS of 30 m. The channel model used between each tx-rx pair is the same, considering that BSs do not have a significant height advantage in a typical pico and femto-cell deployment. Hence, we consider the presence of shadowing, and a channel attenuation due to path loss proportional to the distance between the transmitters and receivers. The path loss exponent is ξ = 4, while shadowing is assumed log-normally distributed with standard deviation σ SH = 8 dB. The weights α i for the evaluation of the weighted sum rate are proportional to the inverse of the distance raised to the the BS raised to to the ξ-th power, in order to achieve a certain degree of fairness. For each subcarrier, we assume an uncorrelated fading channel model with channel coefficients generated from the complex Gaussian distribution CN (0, 1). The SI cancelation factor at the BSs is set to a constant value of 110 dB, that is a reasonable value for the considered scenario [13] .
In the presented Figures we report for comparison purposes both the results obtained in the case of FD-NOMA (the case of interest) and the results obtained in the FD-OMA case. As for this second one, we report the results obtained using the approach proposed in [14] , that is shown to achieve a quasi-optimal solution for this scenario. Figs. 1 and 2 show the resulted total weighted sum-rate normalized to the available bandwidth (bps/Hz), referred asŪ. In particular, Fig. 1 shows the results for REF, WMMSE and FD-OMA as a function of the available maximum transmitting powers in uplink P U , for M = 3 and N = 3 and with maximum transmitting power P D of 20 dBm. It is worth noting that WMMSE performance approaches those of REF, particularly for high transmitting powers. Fig. 2 present the results as a function of the number of users in the cell, for P U = 14 dBm and P D = 20 dBm. Owing to complexity limitations, these results are reported for WMMSE and for the FD-OMA schemes only. Notice that for all the considered parameters setting, the proposed WMMSE scheme clearly outperform the FD-OMA scheme, thus assessing the capability of the proposed approaches to efficiently exploit NOMA potentialities, in particular for high number of users in the cell. These results put in evidence the important outcome that the proposed simplified WMMSE scheme with separated strong-users search allows to approach an optimal scheme with joint strong-weak users search. In order to put in evidence the effectiveness of WMMSE in fulfilling the NOMA constraint (13.d), we report in Fig. 3 the rates of all downlink weak users (straight lines) and the rates of the same users seen by the downlink strong user (dashed lines) for a given subcarrier f as a function of the iteration number. Fig. 3 refers to an instance of the simulation scenario N = M = 3, P D = 20 dBm, P U = 12 dBm. Results collected for different instances and for different subcarriers show the same behavior. Notice that, as expected, the number of weak users with rate different from zero converges to one (exclusivity of resource assignment). Moreover, the dashed lines tend to clearly be on top of the straight lines, thus allowing to fulfill constraint (13.d). The curves tend to achieve a floor after approximately 40 iterations, which by and large correspond to the average number of required iterations before convergence of the WMMSE scheme. 
V. Conclusions
In this paper, the power and channel allocation problem for multicarrier non-orthogonal multiple access (NOMA) full duplex (FD) systems has been investigated. In particular, we have proposed a solution based on the minimization of the weighted mean square error, which benefits of the insights obtained by the problem decomposition. The proposed approach allows to achieve performance that are reasonably close to the optimum and outperform the results obtained with the conventional orthogonal multiple access.
